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ABSTRACT
Ultra-short period planets provide a window into the inner edge of the parameter space occupied by
planetary orbits. In one particularly intriguing class of multi-planet systems, the ultra-short period
planet is flanked by short-period companions, and the outer planets occupy a discernibly distinct
dynamical state. In the observational database, this phenomenon is represented by a small number
of stars hosting systems of tightly packed co-planar planets as well as an ultra-short period planet,
whose orbit of is misaligned relative to the mutual plane of the former. In this work, we explore
two different mechanisms that can produce an ultra-short period planet that is misaligned with
the rest of its compact planetary system: natural decoupling between the inner and outer system
via the stellar quadrupole moment, and decoupling forced by an external companion with finely-
tuned orbital parameters. These two processes operate with different timescales, and can thus occur
simultaneously. In this work, we use the K2-266 system as an illustrative example to elucidate the
dynamics of these two processes, and highlight the types of constraints that may arise regarding the
dynamical histories of systems hosting ultra-short period planets.
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1. INTRODUCTION
Among the thousands of planet discoveries
made by the Kepler and K2 missions, a signif-
icant fraction of them exhibit a surprisingly
ubiquitous system architecture: systems of
tightly packed inner planets (known as STIPs).
This classification denotes systems that contain
multiple planets orbiting with small semimajor
axes (generally with a < 0.5 AU). The high
occurrence rate for these compact systems, es-
timated to be ∼20-30% (Muirhead et al. 2015;
Zhu et al. 2018), suggests that this geometry
is one of the dominant outcomes of the planet
formation process.
Additional observations of these compact sys-
tems show that they generally exhibit a surpris-
ing degree of regularity. The systems are discov-
ered with multiple transiting planets and seem
to be co-planar; more specifically, their inclina-
tion angles appear to be drawn from a relatively
narrow distribution (Fabrycky et al. 2014). The
planetary orbits in these systems display uni-
form orbital spacing (Rowe et al. 2014) with low
eccentricities (Xie et al. 2016; Mills et al. 2019).
In addition, the planets in these systems tend
to have far more intra-system regularity than
would result from random samples of the entire
exoplanet mass distribution, with both similar
radii (Weiss et al. 2018) and masses (Millhol-
land et al. 2017).
Ultra-short-period (USP) planets - often de-
fined as having periods less than a day - repre-
sent a less common type of object. These ex-
treme objects occur around ∼0.5% of G-dwarf
stars (Sanchis-Ojeda et al. 2014) and provide
another remarkable challenge to the standard
model of planet formation.
The intersection of these two sets (STIPs and
USPs) has recently showed an intriguing geome-
try: STIPs are not always coplanar, particularly
when one member of the STIP is a USP. High-
multiplicity systems of mostly coplanar systems
are generally thought to form via disk migration
(Hansen & Murray 2012; Rein 2012), particu-
larly when some of those coplanar planets are in
or near resonance (Papaloizou 2003; Baruteau &
Papaloizou 2013; Batygin 2015; Deck & Baty-
gin 2015). Two recent discoveriesshow sys-
tems where high multiplicity systems only par-
tially show the coplanarity expected from disk
migration: K2-266, a five-planet STIP with two
near-resonant planets which has an inner USP
misaligned by an orbital inclination difference
of 14 – 17 degrees (Rodriguez et al. 2018); and
TOI-125, a four-planet STIP with an inner USP
misaligned by 16 – 20 degrees (however, we note
that the TOI-125 USP is a planet candidate
with a low SNR and has not yet been confirmed;
Quinn et al. 2019). Both of these systems simul-
taneously conform to the STIP archetype (as
all planets except the inner one are very tightly
packed and nearly coplanar to each other) as
well as subvert it (the USP in each system is
significantly misaligned compared to the outer
plane of planets).
The results of Dai et al. (2018) show that plan-
ets with ultra-short orbital periods populate a
larger fraction of the ‘transiting’ range of incli-
nations than do planets with slightly longer pe-
riods. In inclination space, the outer system is
more planar, while inner systems in comparison
tend to be more extended and fill the full al-
lowable transiting parameter space. K2-266 fits
this paradigm: K2-266 b, with its grazing tran-
sit, resides at the absolute maximum mutual in-
clination that is still observable, while the outer
system is very compact in vertical space.
We remark that the question of the underlying
distribution of planetary inclination in transit-
ing systems is really a question of the under-
lying populations of planets. The Kepler di-
chotomy (Johansen et al. 2012) — an appar-
ent mismatch (in several observational dimen-
sions; Morton & Winn 2014; Ballard & Johnson
2016) between multi- and single-planet systems
— might probe either an observational effect
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or an underlying property of planet formation
(Moriarty & Ballard 2016). Spalding & Baty-
gin (2016) suggest that misalignments of stel-
lar spin axes can explain the Kepler dichotomy
by generating systems of multiple planets with
mutual misalignments, resulting in some multi-
planet systems being mistakenly interpreted as
single-planet systems while in other cases the
spin-orbit misalignment can drive a dynamical
instability. Simultaneously, the existence of sys-
tems like Kepler-56 (Huber et al. 2013) with
high stellar obliquity, multiple well-aligned (de-
fined as low inclination dispersion) transiting
planets, and a long-period massive planet sug-
gests that the secular dynamics of an exterior
companion could cause the observed misalign-
ment between the inner planets and the stellar
spin axis in this particular system (Boue´ & Fab-
rycky 2014a,b; Gratia & Fabrycky 2017). Sim-
ilar dynamics would be at play in any system
with a STIP and an exterior, inclined compan-
ion (Van Laerhoven & Greenberg 2012; Hansen
2017; Mustill et al. 2017; Becker & Adams 2017;
Jontof-Hutter et al. 2017; Denham et al. 2019;
Masuda et al. 2020). It is worth noting, how-
ever, that giant planets are likely less common
than STIPS, implying that such a process is
probably effective in a minority of systems at
a population level.
The USPs in the TOI-125 and K2-266 systems
reside at nearly the largest impact parameters
at which they can still be observed while the
other planets have inclinations close to 90 de-
grees as derived from photometry and TTVs,
thus posing the question: how many existing
STIPs have unseen, misaligned USP compan-
ions? The answer to this question would shed
light on the outcomes of planet formation that
lead to the formation of USPs and the physical
processes that underlie the Kepler dichotomy.
In this work, we consider two possible mech-
anisms that could explain how STIPs can be
observed to host interior, misaligned (by an
amount several times greater than would be ex-
pected from the typical Fabrycky et al. 2014
Rayleigh distribution used to describe STIP in-
clinations,) USPs and still maintain mutual in-
clinations within a few degrees among the outer
(non-USP) planets. In Section 2, we discuss the
architecture of this class of systems and describe
why an additional effect is needed to explain
the present-day geometry. We then present two
mechanisms that could resolve this issue: The
first mechanism, discussed in Section 3, requires
an oblate central star with a slight amount of
stellar obliquity with respect to the original
plane of planets. The second mechanism, dis-
cussed in Section 4, requires the existence of
an additional (as yet unseen) planet in the sys-
tem. Both of these mechanisms can reproduce
the observed effect. In Section 5, we compare
the regimes in which the two mechanisms can
operate and conclude with a summary of our
results.
2. CURRENT-DAY DYNAMICS OF A STIP
WITH A MISALIGNED USP
Results from the Kepler Mission indicate that
STIPs are a natural end state of the planet
formation process, while USPs are consider-
ably more rare (occurring in 20-30% vs. 0.5%
of systems respectively; Sanchis-Ojeda et al.
2014; Muirhead et al. 2015; Zhu et al. 2018).
In K2-266, the low mutual inclinations of the
outer STIP is maintained, even as the USP is
misaligned significantly compared to the outer
plane of planets. This system geometry under
consideration is illustrated in Figure 1. In the
K2-266 system, the innermost planet has a mea-
sured inclination of 75.3 ± 0.6 degrees, while
the outer planets have inclinations ranging be-
tween 87.8 and 89.5 degrees (with errors rang-
ing from 0.1 to 0.8 degrees). The difference be-
tween the USP and the rest of the planets is
not accounted for by the observational errors,
and instead shows a physical misalignment in
inclination.
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USP
STIP
Figure 1. A schematic of the geometry of plan-
etary system, discovered to exist in TOI-125 and
K2-266, and considered in this work. Systems of
this type are composed of two components: an in-
ner ultra-short period planet, and an outer plane
of tightly-packed, multiple planets, which have low
mutual inclinations with each other. Between the
USP and the outer plane, there is a significant
(∼ 15 degree or greater) misalignment. The spe-
cific geometry portrayed in this schematic is the
K2-266 system (Rodriguez et al. 2018).
Combining a STIP with a misaligned USP re-
quires the angular momentum transfer among
the STIP to be rapid compared with the STIP-
USP interactions to ensure that the STIP does
not attain a configuration with enough mutual
inclination so that the planets would not be seen
to be transiting (for a secular treatment of angu-
lar momentum exchange in exoplanet systems,
see Murray & Dermott 1999). When observ-
ing the evolution of the mutual inclinations, two
main features must be preserved:
• The USP must be misaligned with respect
to the mean orbital plane of the outer
STIP.
• The mutual inclination of the planets in
the STIP must remain low such that the
planet can be seen in transit.
To form a system like K2-266, the dynamical
evolution of the system must produce the first
condition while still maintaining the second. In
this work, we focus on K2-266 and its specific
parameters; however, our analysis can be ap-
plied to any STIP with an inner, misaligned
USP.
As shown by Rodriguez et al. (2018), once
the misalignment between the USP and STIP in
K2-266 has been produced, it is naturally main-
tained through secular interactions. Rodriguez
et al. (2018) did not consider tidal interactions,
and the current-day planet parameters suggest
that the tidal timescale for the inner planet is
much longer than the planet-planet interaction
timescales, so we also do not consider tides in
this work. In this work, we consider what sys-
tem properties will create the initial misalign-
ment that allows the dynamics we see today
in the K2-266 system (and by extension, other
similar systems like TOI-125). The dynamics of
this particular system are affected by resonance
(the 14- and 19-day period planets are close to
or in the 3:4 resonance) as well as long-term
secular evolution. As such, in our analysis we
use numerical N-body integrations to model the
dynamics in order to include all of these effects.
2.1. Global numerical integration parameters
We use the same basic parameters for all simu-
lations, altering only the stellar obliquity, stellar
J2 moment, and (at times) introducing an addi-
tional (so far undetected) outer planetary com-
panion with varying parameters. First, we use
a single set of initial conditions for the known
planets (see Table 1). We include only the val-
idated planets (K2-266 b, c, d, e), ignoring the
candidate planets (K2-266.02 and .06). The
candidates .02 and .06 were not validated in
Rodriguez et al. (2018) because their signal to
noise ratio was too low (see validation proce-
dure in Morton et al. 2016). We used a small set
of test simulations to assess whether the pres-
ence/absence of these two non-validated planets
from the simulations significantly impacts our
results, and found that .06 does not alter the
results, and the effect of planet 0.02 can result
in dynamical instability at high J2 values (for
some values of its orbital elements). Since we
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do not study dynamical stability in this work,
and 0.02 is not validated, we leave the consider-
ation of (if real) what additional information we
could learn from it to future work and proceed
only with the validated planets.
For all star and planet physical and orbital
parameters, we have taken the median value
of the EXOFASTv2 (Eastman 2017; Eastman
et al. 2019) posterior generated by the fit in
Rodriguez et al. (2018). To further simplify the
system, we also set all initial planetary eccen-
tricities to zero. We also set the starting plane-
tary inclinations to be equal to each other. By
default, these are set to be 0 degrees in the simu-
lation frame, which is equivalent to 90 degrees in
the transit-fit frame. These inclinations are not
the values seen in the current system (where the
USP is misaligned relative to the other four).
For the simulations, we set all planets to start in
the same orbital plane because we are attempt-
ing to determine how the USP-STIP misalign-
ment arose, assuming that the planets started
roughly coplanar in the protoplanetary disk and
reached their final orbital positions in roughly
that configuration. Since the purpose of this set
of simulations is to examine the reliance of the
dynamics on a single parameter (the stellar J2),
to minimize the number of points we needed to
run at each J2, we did not start with any in-
clination dispersion among the planets (which
would add an envelope of noise to our results).
If the secular evolution of the planets, originat-
ing from the current state, does not return the
planets to roughly i ∼ 0, then secular dynamics
alone cannot produce misalignment without an
additional perturbation, as the current system
and expected initial condition are not on the
same dynamical trajectory.
For all simulations, we use the Mercury6
(Chambers 1999) N-body integrator in hybrid
symplectic and Bulirsch–Stoer (B-S) mode with
an initial time-step of 7.2 minutes, which is
roughly 0.75% of the shortest dynamical time
in the system. Integration lengths are set to
105 years and energy was conserved to bet-
ter than one part in 109 (for energy changes
due to the integrator). We include first-order
post-Newtonian general relativistic precession
due to the central body only. Note that while
the system’s short dynamical time and limited
computational resources require a limited in-
tegration time, longer-term dynamical effects
might modify the results the presented here but
are the subject of future work.
In the remainder of this manuscript, the sim-
ulation parameters enumerated above are used
except when specified otherwise.
3. EFFECT OF STELLAR OBLATENESS
ON USP-STIP INTERACTIONS
In addition to planet-planet interactions, sec-
ular dynamics of planetary systems can be af-
fected by stellar oblateness. The higher order
moments of the star’s gravitational potential are
often described by JN , dimensionless constants
that scale as follows: JN ∝ (Ω2R3∗G−1m−1p )N/2,
where N is the term of the potential being con-
sidered, R∗ the stellar radius, G the gravita-
tional constant, mp the planetary mass, and Ω
the stellar angular velocity. The quadrupole
moment, J2 ∼ m−1p , is the dominant term in
this series. As reference point, the first moment
for the Sun is J2 ≈ 2× 10−7 (Duvall et al. 1984;
Mecheri et al. 2004). These harmonics describe
the effect of rotational deformation, which has
a particularly large effect on the orbits of ultra-
short-period planets.
The idea that stellar oblateness affects the or-
bits of nearby planets has been suggested as
a possible solution for the Kepler dichotomy
(Spalding & Batygin 2016) as well as an expla-
nation (Li et al. 2020) for why shorter period
exoplanets tend to have larger spreads in orbital
inclinations (Dai et al. 2018).
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Table 1. The values of parameters used for simulations in this work. Values are median draws from
Rodriguez et al. (2018). Note that to reduce the number of degrees of freedom for our simulations, we do
not draw values from the entire posterior, but instead take only the median values. Orbital eccentricities
are set to zero (e = 0). ω denotes the planetary argument of pericenter.
Planetary Parameters
Planet Orbital Pe-
riod (days)
Time of conjunc-
tion (BJD)
Ecc.
e
ω
(deg)
Radius
(R⊕)
Mass
(M⊕)
Included in
simulations?
K2-266 b 0.6585 2457945.719 0 0 3.3 11.30 Yes
K2-266.02 6.0993 2457913.42 0 88 0.646 0.21 No
K2-266 c 7.8204 2457907.543 0 87 0.705 0.29 Yes
K2-266 d 14.6971 2457944.842 0 87 2.93 9.40 Yes
K2-266 e 19.4819 2457938.54 0 89 2.73 8.30 Yes
K2-266.06 56.7024 2457913.419 0 83 0.9 0.70 No
Stellar Parameters
Stellar Mass 0.686 M
Stellar Radius 0.703 R
J2 Variable
3.1. Systems around an oblate star with a
slightly misaligned stellar spin axis
Just as the Sun has a slight 6 degree obliq-
uity relative to the mean plane of the Solar
System (Souami & Souchay 2012), exoplanet-
host stars can have some obliquity with respect
to their planetary companions. Although low-
mass stars that host STIPs tend to have lower
stellar obliquities than their high-mass counter-
parts (Morton & Winn 2014), their values re-
main nonzero. Moreover, observed stellar obliq-
uities often exceed the spread of mutual inclina-
tions among the planets. A stellar obliquity up
to about 20 degrees can arise naturally (Baty-
gin & Adams 2013; Spalding & Batygin 2015).
In this section, we assume that the star host-
ing the USP-STIP system has some non-zero
natal obliquity relative to the planetary orbital
planes, and model how the inclination evolution
depends on the stellar J2 moment.
Using the simulation and system parameters
described in Section 2.1, we integrate the sys-
tem 150 times with values of J2 varying between
10−10 and 2 · 10−3. For the trials considered in
this section, we set the initial misalignment be-
tween the stellar spin axis and planetary orbital
angular momenta directions to be 20 degrees.
To perform these simulations, we use the Open
Science Grid (OSG; Pordes et al. 2007) accessed
through XSEDE (Towns et al. 2014). Three se-
lected trials with very different values of J2 are
shown in Figure 2, which demonstrates differ-
ences depending on J2 in (a) the planetary incli-
nation evolutions, (b) the measured amplitude
of the misalignment between the USP and the
median plane of the STIP, and (c) the mutual
inclination between all members of the STIP.
Despite our simulations starting with a simpli-
fied, idealized version of K2-266’s initial condi-
tions, not all choices of stellar J2 create systems
qualitatively consistent with K2-266’s current
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Figure 2. The N-body evolution of the four validated/confirmed planets in the K2-266 system under three
different (constant) values of the stellar quadrupole moment J2 (where the stellar spin axis is misaligned by
20 degrees relative to the plane containing all four planets). The three panels show (top panel) the evolution
in inclination for each planet, (middle panel) the misalignment between the USP and the outer plane of
planets (where the outer plane location is taken to be the median inclination), and (bottom panel) the
inclination dispersion of the STIP (defined as the mathmetical range of inclinations of all planets excluding
the USP). In the left column, J2 = 1.2 · 10−8, and all planets (the USP and the outer members of the STIP)
remain well-confined with low mutual inclinations); in the middle column, J2 = 2.0 · 10−6, and while the
outer planets keep a low mutual inclination, the USP is highly misaligned relative to the outer STIP; in the
left column, J2 = 3.1 · 10−3, and all planets have higher mutual inclinations than we see in a typical STIP.
The amplitude of oscillations in inclination can be approximately analytically described by secular theory
outlined in Murray & Dermott (1999).
geometry. Recall, the goal of this analysis is to
find a mechanism that both (a) creates the mis-
alignment between the USP and the STIP com-
ponents of the system, but also (b) keeps the
mutual inclination in the system low. From the
three columns in Figure 2, it is clear that if J2
is too low, the misalignment between the USP
and STIP is too small; if J2 is too large, then the
spread in inclination of the STIP becomes too
large so that not all of the outer planets would
be seen to transit at the same time.
The results from all 150 simulations are shown
in Figure 3, which plots the two metrics (USP
misalignment and STIP confinement in inclina-
tion space) as a function of J2. We find that for
our initial stellar obliquity of 20 degrees, and
8 Becker et al.
10 10 10 9 10 8 10 7 10 6 10 5 10 4 10 3
Stellar J2
0
5
10
15
20
US
P-
ST
IP
 M
isa
lig
nm
en
t (
de
g)
0
1
2
3
4
5
6
7
ST
IP
 M
ut
ua
l I
nc
lin
at
io
n 
(d
eg
)
Figure 3. The maximum misalignment between
the USP and the outer STIP (left scale) and the
median spread in the mutual inclination of the
outer STIP (right scale) as a function of stellar
J2. The host star was given an initial obliquity
of 20 degrees with respect to the plane of planets.
The shaded region denotes the approximate regime
in which both criteria for reproducing the obser-
vations are satisfied, defined as geometries where
the maximum USP-STIP misalignment observed
exceeds the value observed in the K2-266 system
today while the STIP maintains a transiting con-
figuration.
for intermediate values of J2 (more specifically,
between 5 · 10−7 and 5 · 10−6), we satisfy both
metrics and create systems with geometries like
that of K2-266.
We note that the analysis here neglects the
dynamics induced by a J2 evolving in time. In-
stead, what we show here is for a range of pos-
sible values of J2, what happens to a system
that arrives at their present-day orbital posi-
tions with no mutual inclination while the star
has that particular value of J2. A star with a
value of J2 in that range could thus produce the
observed misalignment on relatively short (< 1
Myr) timescales, while allowing the outer plane
of planets to remain compact.
3.2. Varying the initial stellar obliquity
The next natural question is how the magni-
tude of the initial stellar misalignment affects
this result. The simulations in the previous sec-
tion were initialized with an initial stellar obliq-
uity of 20 degrees.
We now repeat the analysis of the previous
section, but use different values for the initial
stellar obliquity. Again, we use the base sim-
ulation parameters described in 2.1. We have
run 3 suites of 150 simulations, each with a
different value for the initial stellar obliquity:
ψ = (3, 10, 20) degrees. We vary the J2 in each
of those 150 simulations as before, and keep all
other parameters the same as in the previous
section.
The results of this analysis are shown in Fig-
ure 4, an expanded version of Figure 3. There
are three important conclusions from this anal-
ysis. First, as the stellar obliquity is decreased,
the USP-STIP misalignment also decreases.
Second, as the stellar obliquity is decreased,
the mutual inclination of the outer STIP also
decreased, i.e., a more tilted star causes more
disruption in mutual inclinations. Third, the
peaks (in misalignment and inclination spread)
occur at particular values of J2 for all initial
obliquities. The exact locations of these peaks
are due to the orbital properties of the planets
(primarily the ratios of the semi-major axes)
rather than the obliquity of the star. If we were
to remake this diagram for a different system,
the peaks would be in different locations de-
pending on the secular resonance locations in
that other system. As such, the specific quan-
titative results we find for K2-266 in this work
are not universal, but must be recomputed for
the particular architecture of other systems.
3.3. The Evolving Host Star
As shown in Figure 3, large values of J2 cause
large mutual inclinations to be excited between
the planets composing the STIP. We know al-
ready from other observational constraints (Li
et al. 2020) that stars such as K2-266 do not
currently have such large values of J2. How-
ever, as the stars descended onto the main se-
quence, they are likely to have passed through
Misaligned USPs in STIPs 9
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Figure 4. A version of Figure 3 including three sets of simulations, varying only in the initial stellar
obliquity assigned to the star. From top (dot-dash) line to bottom (dotted) line, the initial obliquities are
20 degrees, 10 degrees, and 3 degrees. The peaks in J2 space occur in the same locations (locations which
are defined by the orbital periods of the planets rather than the angular momentum-related parameters of
the star), but with different heights depending on the initial stellar obliquity.
all values of J2 relevant to this work. We can
use simple scaling relations combined with stel-
lar evolution models to determine the ages at
which K2-266 would have passed through each
of these milestones. The goal of this analysis is
to determine which values of J2 we can reason-
ably expect these planets to have experienced if
they formed while the protoplanetary disk was
still present.
To estimate the time evolution of J2, first we
define J2 in terms of the angular velocity Ω,
break-up angular velocity Ωb, and stellar love
number k2, i.e.,
J2 =
1
3
(
Ω
Ωb
)2k2 . (1)
As a star descends onto the main sequence,
two things can happen that would affect the
dynamics we describe above: first, the magni-
tude and direction of the stellar spin axis’ obliq-
uity with respect to the protoplanetary disk can
change (Batygin & Adams 2013); second, the
value of J2 will decrease over time. This sec-
tion considers the second process in isolation,
and leaves the first for future work. As a re-
sult, this work can be applied to systems where
the planets form further out in the disk and mi-
grate to their observed orbital radii as or after
the disk dissipates; for systems where planets
form in situ, a full treatment of the first process
is necessary.
To find the evolution of J2 as defined by equa-
tion (1), we use a combination of the numer-
ical models from Matt et al. (2015) for early
(t < 1 Gyr) times, and the Skumanich (1972)
Prot = 2piΩ
−1 ∝ t1/2 scaling for late times. The
Matt et al. (2015) models use the Baraffe et al.
(2015) stellar evolution models combined with
stellar wind dynamics to obtain the evolution of
Ω∗ for stars with a variety of initial conditions
(resulting in a range of allowable Ω∗ and J2 val-
ues per time). We use the Matt et al. (2015)
models to compute the evolution of Ω∗ for the
first 1 Gyr of the star’s life, then use the Sku-
manich relation to match boundary conditions
at 1 Gyr and model the subsequent evolution
of Ω∗. The star transitions from being convec-
tively dominated to radiatively dominated dur-
ing its first Gyr of life, resulting in a k2 constant
that decreases from k2 = 0.28 for a convectively-
dominated young star to k2 = 0.014 for the
radiatively-dominated old star. We model the
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decay using the Baraffe et al. (2015) numeri-
cal simulations to find the contribution to the
stellar moment of inertia due to the convective
and radiative components. We then construct
a piece-wise continuous model for k2 based on
these results, where k2 = 0.28 for times earlier
than 107 years, k2 decreases linearly with time
between 107 years and 108 years, and k2 = 0.014
for times later than 1 Gyr.
With k2(t) specified, we use equation (1) to
compute the J2 evolution, finding Ω∗ fixing M∗
and allowing R∗ to follow the Baraffe et al.
(2015) model for a 0.7 M star. The range
of allowed J2 values are plotted as a function
of time in Figure 5. We note that because
J˙2 is adiabatic with respect to all other rele-
vant timescales, neither its actual rate nor exact
form matters, as long as the evolution is suffi-
ciently slow. For K2-266, we do not have an
estimate of the current-day rotation rate. How-
ever, for stars of comparable mass and age, the
rotation period is expected to be around 20 –
100 days (Mamajek & Hillenbrand 2008; Angus
et al. 2015).
With the above results in place, we can now
compare the snapshot values of J2 that we pre-
viously found to be sufficient to create the ge-
ometry in question to the expected J2 evolution
for a typical star of this mass. We identified
in Section 3.1 values of J2 that lead to various
classes of behavior. Namely, when J2 > 10−4,
the USP is coupled to the outer plane and
no misalignment is generated; and then when
J2 < 10
−5 or so, the observed system geometry
can be reproduced. By an age of 11 Myr, 80 -
95% of systems of a similar mass to K2-266 are
expected to have lost their circumstellar disks
(Ribas et al. 2015). We over-plot on Figure 5
this upper disk lifetime for a star of this approx-
imate mass. For age ∼ 10 Myr when the disk is
expected to have dissipated, the lower envelope
of J2 values is around J2 ≈ 10−5, and then sub-
sequently decreases, which would avoid a large
mutual inclination within the STIP and create
the misalignment between the USP-STIP. We
note for stars with higher initial rotation ve-
locities (where J2 ≈ 10−2 − 10−4), the desired
geometry might not be produced. If disk damp-
ing of inclination could be ruled out, then it
might be possible to constrain the early J2 of
a star based on these arguments. Note that
our uncertainty on the disk lifetime and the in-
trinsic scatter in the rotation periods of young
stars Rebull et al. (2018) prevent a more pre-
cise estimate. In any case, it is likely that if
K2-266’s initial rotation velocity resided at the
lower end of the envelope shown in Figure 5,
then K2-266 would have attained the value of
J2 needed to produce the required misalignment
either right as the disk dissipated or after it was
completely gone. This timing of events allows
a disk-driven migration mechanism (defined as
any migration mechanism where movement of
planets is caused mainly by torques provided by
the disk) to place the planets in their current or-
bits at an epoch early enough for the stellar J2
to be capable of producing a geometry as ex-
treme or more extreme as what we see in the
present-day K2-266 system.
It is important to specify that the reason we
consider the J2 evolution here is only to ask the
following question: at various times in the evo-
lution of the disk, can the J2 realistically be
what it needs to be to produce the system ge-
ometry? The snapshots generated in Section 3
cannot be connected sequentially to each other
in order to model the evolution of inclination
over time, as doing so would not preserve the
phase space area of the system. An analysis of
this problem that does preserve the phase space
area and allow the modeling of the evolution of
mutual inclinations over billions of years as J2
changes will be completed in a companion paper
to this work.
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Figure 5. The modeled J2 evolution of K2-266
over the stellar lifetime. This scheme uses the stel-
lar models from Baraffe et al. (2015), Ω∗ derived
from stellar wind dynamics from Matt et al. (2015)
for early times, the scaling relation of Skumanich
(1972) for late times, and a time-varying k2 defined
in the text. The blue range denotes the allowable
range of J2 at each time, based on the evolution of
stars with various initial conditions but with masses
within 0.05 M of K2-266’s mass (which is 0.686
M) from Matt et al. (2015).
4. EFFECT OF AN ADDITIONAL
(UNSEEN) PLANETARY COMPANION
In the previous section, we analyzed the dy-
namics of the system for given parameters of
the validated planets and varying parameters
of the host star. However, it is possible — even
likely — that we have not yet detected all of the
planets in this system. Some planets may not be
observable in transit, whereas others could have
orbital periods long enough that they were not
observed during the K2 baseline originally used
to discover the known planets (Rodriguez et al.
2018). The eight epochs of radial velocity ob-
servations in Rodriguez et al. (2018) were only
enough to barely see K2-266 b, but not to search
for additional signals in the system. As a result,
the vast majority of parameter space in which
an exterior companion could reside in this sys-
tem is as yet unstudied, leaving ample space for
unseen companions. As a result, in this section
we consider the effects that an additional un-
seen planet would have on the dynamics of the
system.
4.1. Simulation Setup and Details
To determine the regime for which an injected
companion can reproduce both the co-planarity
of the outer transiting planets and the mis-
alignment of the ultra-short-period planet, we
perform a Monte Carlo study of the compan-
ion parameter space. The inclination of the
companion orbit with respect to the starting
plane of inner planets is allowed to vary over
the range (0,90) in degrees, and the semi-major
axis varies over the range (0.1, 2) in AU. The
values of a and i are drawn uniformly between
these bounds. We then evolve the system for-
ward in time for 105 years under the effect of
a J2 = 10
−7 (again, the typical value for a star
of this mass and estimated age). All other sim-
ulation parameters are as described in Section
2.1, and a total of 2500 independent simulations
(each with a different, randomly drawn a, i com-
bination) are performed. The orbital inclina-
tions of the known planets are drawn from a
Rayleigh distribution with a width of 1.4 de-
grees. In contrast to our earlier examinations
of J2, here the number of simulations is large
enough that we allow these slight typical mis-
alignments between the STIP components. 1
The stellar obliquity is set at ψ = 0 degrees for
this set of simulations. The eccentricity of our
perturbing planet is set to e = 0. For the regime
where the perturber has a long period, secular
perturbations scale as (a′
√
1− e2)−3, so the de-
generacy between a and e means that effect of a
non-zero eccentricity can be mimicked by chang-
ing a. The perturber’s longitude of ascending
node is randomized (since we are not looking
1 Note that in Figure 6, some outer points from the
purple and red populations reside in the ’stable’ regime,
but since we ran enough simulations to robustly differ-
entiate the regions, these outliers do not prevent an un-
derstanding of the dynamics.
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for the perturbing planet to transit and the in-
ner system starts axisymmetric, this choice does
not affect the results). If the true planet pa-
rameters are slightly different from those used,
the location of the allowed parameter space for
companions will vary, but should be similar in
general shape and location.
4.2. Parameter space for fixed mass
Using the initial conditions outlined above,
we have carried out an ensemble of simulations
with varying (a, i) for the additional planet,
with mass fixed at 100 M⊕. Figure 6 de-
picted the resulting possible parameter space
that meets the following two specific criteria:
1. The outer 3 validated planets (b, c, d) re-
side in a plane with an inclination disper-
sion of less than three degrees for more
than 30% of the integration time,
2. The median (averaged over time) of the
misalignment in inclination between the
innermost planet, K2-266 b, and the plane
of outer transiting planets is greater than
15 degrees.
The production of these metrics is qualitatively
similar to those produced in Figure 2, where the
simulation results must meet criteria 1 and 2
above in order to count as ‘reproducing the ob-
servations.’ We note that the specific numbers
chosen in these criteria are somewhat arbitrary.
In particular, the USP-STIP misalignment con-
dition is intended only to produce a system
where the observed misalignment is likely, but a
15 degree misalignment is not required for any
significant fraction of time, only at the moment
the system is observed. These conditions when
altered will expand or shrink the region of in-
terest, but the same general shape will hold.
There are multiple failure modes by which a
simulated system may not recreate the obser-
vations: the addition of a particular compan-
ion may cause the system to go dynamically
unstable (which is defined in simulation terms
as a close encounter with another object, ejec-
tion from the system, or physical collision with
the central body), it might cause too great of
a misalignment between the STIP components
(failing criteria 1), it might fail to recreate the
USP-STIP misalignment (failing criteria 2), or
it may fail both criteria simultaneously.
In Figure 6, we show the results of the Monte
Carlo parameter space survey, with points color-
and marker-coded by which behavior mode they
attain (either one of the several varieties of fail-
ure or success at reproducing the observations).
This figure was generated for a companion mass
of 100 M⊕ (roughly the mass of Saturn).
The results of Figure 6 show that placing a
companion too close to the existing system will
lead to dynamical instability, whereas too dis-
tant planets will not cause the USP to become
misaligned with the STIP. However, there ex-
ists an intermediate zone in the (a, i) parameter
space (marked by blue stars in the figure) where
the companion will drive an initially co-planar
system to separate into a decoupled inner USP
and an outer STIP.
4.3. Dependence of results on companion mass
In the previous section, we considered a
Saturn-mass companion. Although it is not
impossible to have Saturn-mass (or larger) plan-
ets as part of multi-planet systems around stars
with masses M∗ = 0.6 – 0.8 M (Johnson et al.
2012; Triaud et al. 2013), smaller planets are
more common. We thus need to consider how
altering the mass of the companion changes the
observed effect.
To answer this question, we ran two additional
sets of 2500 simulations each for two additional
masses of companion: 1 M⊕ and 10 M⊕. As
before, we keep the companion eccentricity at
e = 0 and allow the varying values of semima-
jor axis a to be the source of initial variation
in the potential (as planet mass m is fixed for
each set of integrations). These simulations al-
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Figure 6. The possible parameter space for a roughly Saturn-mass companion that would cause the
observed geometry. Each point in this diagram denotes a different simulation, identical in all ways except
for the inclination and semi-major axis of the injected companion. The blue stars denote dynamically stable
combinations of orbital parameters that reproduce a median 15 degree misalignment between the USP and
the STIP, while points that failed one of the various conditions (dynamically stable as a system, the STIP is
well-confined in inclination-space, and the USP is misaligned relative to the STIP) are plotted in colors and
point styles described by the plot legend. The acceptable parameter space spans a relatively large range of
orbital parameters.
low us to calculate the portion of (a, i) param-
eter space that recreates the observations for
varying masses of the companion. To more eas-
ily contrast the allowed parameter space in each
system, we compute the two-dimensional Gaus-
sian kernel density estimate (KDE) for each al-
lowed region (excluding all companion parame-
ters that do not recreate the observations and
including only those that do) and use Scott’s
rule as implemented in scipy to automatically
compute the bandwidth (Scott 2015). We plot
the results in Figure 7 overlaid with the raw
points from which the KDE is derived (to show
that the KDE is a good approximation).
For all companions plotted here, the extra
planet’s coupling with K2-266 b (the USP) is
weak compared to K2-266 b’s coupling with the
stellar quadrupole moment, leading to its incli-
nation evolution being incoherent with the outer
plane of transiting planets and allowing the cre-
ation of the USP-STIP misalignment.
Figure 7 demonstrates that for our chosen,
simplified scenario, a wide range of companion
parameters create the observed effect. Even a
relatively small planet (mP ∼ 1M⊕) can cause
the secular mode of the outer STIP to decou-
ple from that of the inner USP, if placed in the
correct location.
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Figure 7. For three masses of perturbing compan-
ion (1 M⊕, 10 M⊕, and 100 M⊕), this figure shows
the regime of parameter space that allows the in-
ner system to both experience significant misalign-
ments between the USP-STIP planes and keep the
STIP well-confined in inclination space.
5. CONCLUSIONS ON K2-266
Some authors have proposed dynamically hot
mechanisms for generating these ultra-short-
period misaligned planets, such as secular chaos
(Petrovich et al. 2019), which requires signifi-
cant eccentricities on the other nearby planets,
or low-eccentricity migration (Pu & Lai 2019),
which requires more modest eccentricities. The
mechanisms presented in this paper can inde-
pendently provide the observed misalignment
in USP-STIP systems adiabatically, reproduc-
ing the observed compact nature of the outer
transiting planets, and does not require the ex-
citation of eccentricity for any planets.
Instead, our proposed mechanisms both func-
tion via decoupling the modes of the secular evo-
lution of the outer transiting planets and that of
the ultra-short-period planet. Both mechanisms
can work simultaneously, with the quadrupole
potential being more relevant at early times
(when the star is less than 100 Myr old for
a star of this mass) and the companion being
relevant throughout the history of the system.
These mechanisms could also be at play in other
systems hosting ultra-short-period misaligned
planets with multiple other transiting planets,
but the exact timescales and parameters of the
effect in those systems will differ from those de-
rived in this work for K2-266.
5.1. Implications on general STIP/USP
system architectures
In this work, we have explored the geome-
try of the K2-266 system. We used the spe-
cific orbital parameters of this system to ini-
tialize our simulations. K2-266’s measured pa-
rameters suggest that K2-266 must have a fairly
low rotation rate (within the envelope of al-
lowed values shown in Figure 5, but on the low
side) at early times. In this case, the early his-
tory of the system may have evolved in the fol-
lowing sequence. First, the host star evolves
from J2 = 10
−2 to J2 = 10−5 as the planets
form in the outer parts of the disk. At around
J2 = 10
−5, the planets migrate to their final or-
bital positions as a much faster rate than the
J2 decay rate (the planets are migrating at ef-
fectively a constant J2). This occurs after the
secular resonance would have swept through the
system and caused large mutual inclination in
the STIP. Then, the star continues to evolve in
J2, passing through J2 = 10
−6, at which point
while the STIP is unaffected, the USP decou-
ples from the STIP and generates a significant
USP-STIP misalignment in inclination. As J2
continues to evolve to lower values, the system
is locked in that configuration.
The exact values given in the previous para-
graph are specific to the K2-266 system. As
shown in previous work (Spalding & Batygin
2016; Li et al. 2020), the dynamics of the inter-
actions between the mutual inclinations of short
period planets and the host star obliquity and
J2 depend strongly on the orbital periods of the
planets in question. As such, to derive specific
constraints for other systems (such as TOI-125
or other USP/STIP systems), the analysis in
this work should be applied to the specific pa-
rameters of those systems.
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5.2. Future work
Since all stars have changing J2 during their
early lives, and will often have some degree of
stellar obliquity with respect to their planets,
the scenario of Section 3 is expected to arise
for many systems. To some degree, such dy-
namics must be operational in all systems with
USP-STIP geometries. In contrast, the scenario
developed in Section 4 is expected to arise less
often, as it requires the presence of an addi-
tional, unseen planet. Both scenarios have simi-
lar observational signatures when viewed at the
present epoch (when the stars are old). How-
ever, the time evolution of the planetary sys-
tems will be different. We can thus test the ef-
ficacy of the two scenarios by finding a number
of USP-STIP systems of different ages.
In the case that the current-day geometry is
solely due to the evolution of J2 and secular dy-
namics among the known planets only, it might
be possible to determine at what time the planet
arrived in their current orbital locations. How-
ever, in the case that an unseen companion does
exist in the system, its presence could compli-
cate this determination. For that reason, a full
characterization of the three dimensional archi-
tecture of systems of this geometry is important
to understanding which mechanism discussed in
this work is at play in particular USP-STIP sys-
tems.
It is important to note some caveats in gener-
alizing the above work to other systems. First,
with respect to creating the USP-STIP mis-
alignment: the analysis in this paper is only
complete if we can exclude natal misalignments
(generated before the disk dissipates). The ap-
propriateness of this assumption will be assessed
and addressed in future work. In any case, in
this work we consider the effect of an additional
companion and stellar oblateness on a plane-
tary system that started in a roughly co-planar
configuration. Future work will address evolu-
tion scenarios with different initial conditions.
Second, with respect to the inclination confine-
ment of the outer STIP: in the present work,
we do not consider the effect of the disk damp-
ing inclination excitement early in the system.
This may allow the STIP to retain a low incli-
nation dispersion even if the effect of J2 alone
‘should’ excite the mutual inclinations between
the STIP components. In this paper, we showed
only (Figure 5) the approximate J2 evolution
for a star the size of K2-266. For more massive
stars, the decay in J2 may occur more quickly,
resulting in J2 decaying to a level that will not
affect the outer planets before the disk dissi-
pates. The analysis of USP-STIP dynamics by
stellar mass is also left for future work.
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